This paper aimed to discuss the meanings, dimensions, and categories of teacher beliefs about teaching and learning mathematics. I reviewed the relevant literature about teacher beliefs in general, beliefs about mathematics, and beliefs about mathematics teaching and learning in particular. Based on the review of the literature, I outlined the meanings of teacher beliefs and conceptualized three dimensions of teacher beliefs -affective dimension, cognitive dimension, and pedagogical dimension. Then, I discussed three viewpoints to observe teacher beliefs -relational, institutional, and praxis lenses. I utilized these lenses to categorize belief constructs into three classes of beliefs about mathematics, teaching mathematics, and learning mathematics. These classes' included-instrumentalist, constructivist, and integral beliefs. I addressed the pedagogical implications of these categorical beliefs in the end.
INTRODUCTION
In this article, first, I present the different meanings of belief. Second, I describe three dimensions of beliefs. Third, I discuss three lenses to view teacher beliefs about mathematics and pedagogy of mathematics. Fourth, I reconceptualize teacher beliefs about mathematics and pedagogy in terms of traditional, constructivist, and integral beliefs from the literature. Finally, I conclude it with some implications of these belief categories. This paper is drawn upon my doctoral dissertation (Belbase, 2015) for the ideas discussed.
Meaning of Belief
There is no one commonly agreed upon definition of belief. There are diverse views on how educationists, psychologists, and philosophers define belief (Leder, Pehkonen, & Törner, 2002) . Mathematics education researchers define teacher beliefs in a variety of ways (Furinghetti & Pehkonen, 2002) . According to Schoenfeld (1985) , mathematics-related belief systems are one's mathematical worldviews. Lester, Garofalo, & Kroll (1989) state that beliefs constitute the individual's subjective knowledge about self, mathematics, problem-solving, and the topics that deal within problem statements. Likewise, Hart (1989) argues that belief is a certain type of judgment about a set of objects. Schoenfeld (1992) further elucidates the notion of belief as an individual's understanding and feelings that may shape the ways that he or she conceptualizes and engages in mathematical behavior. Pajares (1992) One's beliefs about teaching-learning mathematics seem to have an intricate connection to his or her cognition. The cognitive dimension is about knowledge, comprehension, perception, experience and conceptions through the active mental process. Thompson (1992) considered that one's beliefs are related to his or her knowledge and conceptions about the subject matter and process. Therefore, a person's beliefs are connected to his or her ability in recalling, describing, comprehending, reasoning and identifying the subject matter, pedagogy, and process in mathematics. His or her beliefs are concerned with mathematical rules, procedures and theories for analyzing, synthesizing, prioritizing, and categorizing the content, context, and process. He or she can assimilate, accommodate and adapt to them in solving the mathematical problems. These beliefs about mathematical knowledge content, process, and pedagogy either may come through an authority or they are constructed or created by an individual or group. The cognition and beliefs of an individual or a group may interact, inform, and update each other through affect (Eichler & Erens, 2015) that influence mental schema or image of an object or a process. The cognitive dimension of beliefs can play an important role in determining one's beliefs about the content and pedagogical process. The mental operation of cognition provides one a content or proposition of beliefs about something (Spezio & Adolphs, 2010 ) that influences action and interaction in a context shaping the relational domain, that is pedagogy. Therefore, affective and cognitive conditions of a person influence the third dimension of beliefpedagogical dimension. IJEME ISSN: 2549-4996 
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belief and its interrelation with affect in mathematics education. They indicate to the pressing needs of making sense of teacher beliefs concerning the students' performance and practices in mathematics education. Therefore, it appears that there is a strong correlation between beliefs and classroom practices of teachers (Bandura, 1986; Hashweh, 1996; Pajares, 1992) and this correlation is consistent in many cases (SavasciAcikalin, 2009 ). However, this may not be true in other cases because of various reasons, for example, institutional goal, limitation of time, obligation to complete the course in limited time, nature of assessment, lack of administrative support for reformapproach, and parent expectations of high grades. Hence, the relational lens largely focuses on the contents of beliefs and the relationships among these contents as illustrated in Figure 1 .
Figure 1. Three lenses to categorize mathematics teacher beliefs
Institutional Lens
There is plenty of research on teacher beliefs about the change of their beliefs for reform-oriented practices. Some of these studies before 1990 (e.g., Grant, 1984; Nespor, 1987; Peterson, Fennema, Carpenter, & Loef, 1989; Rokeach, 1968; Stonewater & Oprea, 1988; Thompson, 1984) emphasize the description and existence of different beliefs without a focus on change of beliefs. Other studies from 1990 to 2000 (e.g., Battista, 1994; Brosnan, Edward, & Erickson, 1996; Brown & Baird, 1993; Jones, 1991; Kagan, 1992; Perry, Howard, & Tracey, 1999; Quinn, 1998a; Quinn, 1998b; Richardson, 1996; Schmidt & Kennedy, 1990; Tillema, 1995; Witherspoon & Shelton, 1991) seem to focus on the measurement of teacher beliefs using belief scales. These studies did not elaborate on the reasons for different beliefs. This issue is related to the shortage of studies on developing positive beliefs through education and development programs (Skott, 2015) thus by pointing the finger to the efforts of educational institutions to prepare teachers. Blömeke, Hsieh, Kaiser, & Schmidt (2014) testify such issues related to teacher knowledge and beliefs. They outline several factors, for example, methodological, developmental, cultural and historical, social, and economic challenges. They also point to the issues of integration of beliefs with content knowledge (CK), pedagogical knowledge (PK), and pedagogical content knowledge (PCK), among others. These studies emphasized the role of mathematics teacher education programs for a change in teacher beliefs in a positive way to change in practice in mathematics education. The institutional lens essentially focuses on the institutional roles in forming different kinds of beliefs and how the institutional transactions shape and sustain those beliefs (See Figure 1) .
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Praxis Lens
We can view mathematics teachers' beliefs through praxis lens. This lens provides us with a tool to observe teacher beliefs either as a process or product (Grundy, 1987) . Belief as a product is a priori concept within a program before the actual intervention or action. As a process, it is a part of unfolding beliefs based on personal interest, the influence of the teachers and others, and the environment. The view of belief as a systemic product seems static that is dependent on the educational goals and programs, and the second view of the process is a dynamic one that keeps on changing with new experiences (Streibel, 1991) . The static view aligns with Habermas's technical interest with traditional instruction for an empirical-analytic method of knowledge and the process of knowing about the world. These beliefs are guided by a set of institutional and governmental policy to create a certain type of human resource to serve the society with a technical mind, and it does not have enough room for implementing personal theories and beliefs in educational practices. The dynamic or process view embraces practical or emancipatory facets of mathematics education for social transformation. These emphases embrace the historical-hermeneutic role of knowledge construction by individuals and institutions for humanity and change (Pepin & Roesken-Winter, 2015) . The emancipatory aspect emphasizes teacher beliefs, consciousness and awareness of social, political, or cultural transformations for a more equitable and just society (Streibel, 1991) . Teacher beliefs can also be viewed from an epistemological perspective in terms of different philosophical paradigms (e.g., positivism, symbolism, logicism, constructivism, etc.) and their corresponding practical implications (Xenofontos, 2018) . The praxis lens mostly focuses on the theoretical and philosophical canons of teacher beliefs and how these beliefs interact or inform practice (See Figure 1) . The lenses discussed above helped me in categorizing teacher beliefs about mathematics, teaching mathematics and learning mathematics. I used the relational lens to observe teacher belief contents about mathematics, mathematics teaching and learning and relation among these contents to idealize the categories of beliefs in terms of traditional, constructivist, and integral belief going beyond the classical framework of the toolbox, formalism, and problem-solving suggested by Liljedahl, Rolka, & Rosken (2007) . Then, I used the institutional lens to view institutional roles and transactions to observe whether idealized belief categories relate to the particular domain of content or process. While doing this, I examined student-teacher, student-student and studentcontent interaction and classroom environment. Finally, I applied the praxis lens to interpret the idealized domain of categories from theoretical and philosophical views and everyday practices with examples from the literature. Hence, I used these lenses to identify and conceptualize three specific categories of mathematics teacher beliefs about mathematics, teaching mathematics and learning mathematics from the past studies that are discussed in the result section.
RESULTS AND DISCUSSION
The result of the extensive review of the literature on mathematics teacher beliefs has been presented in three domains -beliefs about mathematics, beliefs about mathematics teaching, and beliefs about mathematics learning. Each of these domains has three conceptual categories of beliefs in terms of traditional, constructivist, and integral beliefs that came up from the analysis of teacher beliefs from the literature using three lenses discussed above.
Beliefs about Mathematics
Many studies in the past discussed teacher beliefs about mathematics. Those studies explored teacher beliefs about mathematics based on nature, utility or function, relationship with other disciplines, and methods. Aguirre (2009) described teacher beliefs about mathematics based on content domains such as algebra, geometry, calculus, and statistics and their relative degree of abstractness. The abstract nature of algebra and calculus are related to negative beliefs, and other relatively lesser abstract areas of mathematics are related to positive beliefs. These beliefs are also influenced by the perceived usefulness of the subject. For example, many teachers see algebra as a less valuable subject because it is not directly applicable in daily life problem-solving. According to Dionne (1984) , mathematics teachers' beliefs can be categorized as traditional, formalist, and constructivist depending on ontological and epistemological characteristics. Later, researchers added the fourth view, as integral beliefs about mathematics.
The traditional belief about mathematics considers that it is an objective and absolute knowledge that is independent of human experience and cognition. Mathematical knowledge is independent of the knower. This kind of beliefs originated from Platonism in the philosophy of mathematics. The formalist beliefs are associated with the nature of mathematics as a formal, axiomatic, and rigorous body of knowledge with logical proofs and structures (Eichler & Erens, 2015; Ernest, 1991) . Another belief related to constructivism contemplates mathematics as a corrigible, changeable, and challengeable body of knowledge through human (individual or social) construction (Ernest, 1991; Prawat, 1992) . Constructivists admit that knowledge of mathematics resides in mind, but not in reality out of it. For them, such knowledge does not have an existence out of human cognition, perception and experience (Ernest, 1991; von Glasersfeld, 1989) . The integral beliefs about mathematics bridge all the three beliefs together in a (w)holistic way to observe teacher beliefs as an interrelated construct of different beliefs which cannot be strictly isolated as this or that kind. It is more related to cultural-historical-political agenda of mathematics.
Therefore, teacher beliefs about mathematics can be discussed at three levels -the traditional, constructivist, and integral level as presented in Table 1 . I discuss each of these belief-levels under separate sub-sections. Traditional Mathematics is absolute, objective, formal, axiomatic, structured, and independent of the human cognition; it is a collection of rules and procedures, and it is a tool to solve problems; mathematics knowledge is fixed. Dionne (1984) , Törner (1998 ), Handal (2003 , Shahvarani & Savizi (2007) Constructivist Mathematics is relative, less formal, a creation, practical, subjective, contextual, and science of every person; and has the cognitively challenging task. Ernest (1989) , Thompson (1992) , Törner (1998) Ernest (2015) .
Traditional beliefs about mathematics
Mathematics education researchers outlined mathematics teachers' traditional belief about mathematics (Dionne, 1984; Furinghetti & Morselli, 2009; Furinghetti & Morselli, 2011; Handal, 2003; Törner, 1998) . Teachers with traditional beliefs may consider mathematics as an objective knowledge that is external to human cognition (Ernest, 1991) . Such beliefs seem to align with the Platonist view (Linnebo, 2009 ). The teachers with traditional beliefs consider that mathematics is an abstract knowledge that is independent of the knower. Their view appears to be aligned with positivist and a realist stance (Tracey, Perry & Howard, 1998) . They consider mathematics as an exact science (Felbrich, Kaiser, & Schmotz, 2014) . Such beliefs may harm the innovative curriculum practice that is reform-oriented and research-based teaching and learning (Handal, 2003) . These teachers view mathematics as universal rules and facts and the science of elites (Shahvarani & Savizi, 2007) . These beliefs are associated with rules, exact formulas and theories for memorization (Martino & Zan, 2011) . The traditional belief about the nature of mathematics aligns with instrumentalist views that consider mathematics as a collection of rules, facts, and skills (Eichler & Erens, 2015) . The teachers emphasize the justification of mathematical knowledge from the external authorities (Ernest, 1991) . They may consider mathematics as an empirical science with objectivity without a role for one's subjectivity (Ernest, 1991) . They may also consider mathematical proofs as a part of didactic practice (Furinghetti & Morselli, 2009) . They may conceive such belief systems from their experience as mathematics students (Skott, 2015) . These beliefs emphasize mathematics as a domain of didactic knowledge to be learned rather than constructed by students.
Constructivist beliefs about mathematics
For constructivist teachers, mathematics knowledge is both technical and practical with subjectivity and contextuality, and it is a science of every person (Shahvarani & Savizi, 2007) . According to Ernest (1989) , such beliefs align with problem-solving views considering mathematics as a dynamic subject which is continuously expanding as an invention and a cultural product. In this sense, mathematics is a body of knowledge with rules, axioms, facts, concepts, ideas, and theories that are contextual, social and cultural (Zakaria & Musiran, 2010) . Within this system of beliefs, mathematics is considered as "problem-solving process, a discovery of the structure and regularities" (Felbrich et al., 2014) . For constructivists, the mathematical objects are created by mathematicians and practitioners of mathematics (Dionne, 1984) . Such a view seems to be aligned with the process view which considers mathematics as a process of reasoning (Törner, 1998 activity with conjectures, proofs, refutations, and contradictions (Thompson, 1992) . Hence, all constructivists seem to believe that knowledge of mathematics is not absolute and universal, but it is "fallible, corrigible, tentative, and evolving" (Ernest, 1991) . This view further supports Polya's idea of "mathematics in the making" (Polya, 1957) .
Integral beliefs about mathematics Some teachers may have beliefs about mathematics such that there is no other mathematical truth except what we construct from social and cultural context (Ernest, 1991) . Such beliefs range beyond the dualistic view of traditional and constructivist (Dede & Uysal, 2012) . It may consider the system view that is much broader than the toolbox view. According to this view, mathematics is the logical study of axioms, theorems, and proofs to solve problems (Törner, 1998) . Within this view, mathematics is a science to model and solve problems in society (Felbrich et al., 2014) . Some teachers may describe their beliefs about mathematics either very negatively or positively, depending on their experience with mathematics and its applications. For example, some view that "one can learn mathematics only at school, mathematics is difficult, mathematics is abstract, and it has no connection with everyday life…" (Perkkilä, 2003) . These negative beliefs may connote traditional or instrumental beliefs, but not all traditional beliefs are negative. Hersh (1979) assumes that mathematics as a product of sociocultural and historical actions and efforts to help us understand the nature of the problems and solve them. Within this view, we may consider mathematics as a mental tool deeply rooted in the social, cultural, and historical origin of development and practice in the human civilizations. It is also considered as "human mathematical activity that produces mathematics" (Boyd & Ash, 2018 ) that promotes creativity and thinking rather than just a linear process of problem-solving. The literature on mathematics teacher beliefs does not explicitly explain integral beliefs about mathematics though several aspects of it have been outlined together with other beliefs.
The literature on teacher beliefs about mathematics mostly focused on the nature and functions of mathematics perceived by teachers as a basis to discuss their beliefs. They did not discuss explicitly how these beliefs about mathematics are related to the origin, subtleties in development and dissemination of mathematics impacting teacher beliefs. What is mathematics? How does it originate as a domain of knowledge? How does mathematics go through developmental phases of origination, modification, communication, and reorganization? There is a large gap in the literature to address these questions of beliefs about mathematics.
Beliefs about Mathematics Teaching
There are contradictory views on teachers' beliefs about teaching mathematics. For example, some researchers (e.g., Kuhs & Ball, 1986) classified teachers' beliefs about teaching in terms of what is focused during the teaching process. Some categorized these beliefs as--learner-focused, content-focused with conceptual understanding, content-focused with performance, and classroom-focused. The learner-focused beliefs emphasize engaging students in the construction of the meaning of what students learn. The emphasis on content and with performance stresses on mastery of rules and procedures. The view with content-focused with conceptual understanding emphasizes understanding of meanings. The fourth view with classroom-focused is a holistic approach to focus on classroom dynamics as a community of practice in mathematics. van Zoest, Jones, & Thornton (1994) proposed a framework emphasizing three components-learner focused interaction in the classroom, focus on conceptual understanding, and student performance. This framework is similar to the earlier one suggested by Kuhs & Ball (1986) . Table 2 highlights these beliefs in terms of traditional, constructivist, and integral belief profiles. 
Traditional beliefs about mathematics teaching
The traditional belief adopts teaching as diffusion of mathematical knowledge from a teacher to students (Ernest, 1991) . This viewpoint is an instrumentalist that emphasizes the teaching of formulas, facts, skills, and procedures (Dede & Uysal, 2012) . Teaching is mostly teacher-centered with drills, lectures, repeated practices, and teacher demonstrations. The teacher is the authority of knowledge as a mathematician. He or she passes decrees of formal mathematics full of procedures, rules, and formulas, emphasizing accuracy, speed, and memorization. He or she underlines mathematical contents concentrating on students' accuracy of performance and outcomes. Teachers with this kind of beliefs mostly focus on classroom activities heavily driven by contents emphasizing accurate performance (Kuhs & Ball, 1986) . There is nothing in between right and wrong mathematics. 
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For a traditional teacher, his or her role is a trainer, and the students are trainees as passive receivers of the mathematical knowledge (Ernest, 1989) . A teacher with such beliefs may emphasize precise solutions demonstrating appropriate skills in solving mathematical problems. He or she highlights techniques and rules rather than mental processes. This kind of belief system can be reluctant for reforming curriculum and practice (Perkkilä, 2003) . A teacher with such a belief system might be suffering from prior experience of mathematics. His or her experience and performance may be poor due to lack of understanding mathematics in the class and teacher being an authoritative figure. These teachers focus more on rote learning of rules and formulas with one correct solution to the problem rather than a discovery approach of students to construct their mathematics. They believe that textbooks are the sole resource of mathematics knowledge for teaching mathematics (Perkkilä, 2003) . For them, producing the right answer in a problem-solving is more important than subjective thinking of students. They believe in instructing students with formal methods or procedures of mathematics (van Zoest et al., 1994) . The teachers demonstrate the method of solving mathematics problems through the routine process and students follow their steps leading to mastery approach (Boyd & Ash, 2018) .
Constructivist beliefs about mathematics teaching
The constructivist teachers, in general, accept the students at the center of the teaching-learning. They emphasize student-centered teaching with reasoning, creative thinking, and problem-solving. According to their views, teaching embraces students "constructing their meaning as they confront with learning experiences which build on and challenge existing knowledge" (Dede & Uysal, 2012) . These teachers stress on students' understanding of the meaning and constructing their knowledge of mathematics (Kuhs & Ball, 1986) . They believe that the teacher's role is largely to be a facilitator (Ernest, 1989) and students' role is co-construction of mathematical knowledge (Zakaria & Musiran, 2010) as mathematicians.
Some teachers emphasize cooperative, collaborative, and shared activities in the classroom (Perkkilä, 2003) . The cooperative activities in mathematics class can help students in learning from each other and helping each other to learn better (Ernest, 1991) . These activities accentuate teaching for conceptual and procedural understanding, the teaching of problem-solving in context, using hands-on and technological manipulatives, and helping students produce their solutions with their logic and reasoning. For the constructivist teachers, teaching is a creative-imaginative function that helps students learn mathematics by constructing their mathematical ideas. Some mathematics teachers may be slow in espousing and instigating the constructivist teaching due to their background and prior learning experiences. The constructivist teachers support problem-solving phases in teaching that include stating the problem, clarifying the variables, exploring the different possible solutions, the phase of relief from the dead end, and presenting one's solutions, and interpreting the solutions. These phases align with constructivist teaching with a statement of problems, identification of alternate solutions, avoidance of the dead end, and presentation of the solutions (van Zoest et al., 1994) .
Integral beliefs about mathematics teaching
A teacher may negotiate with norms and values while developing a learning environment for students (Perry et al., 1999) . Sometimes, one's beliefs do not clarify whether they are precisely traditional or constructivist; rather they extend toward both directions integrating the good aspects of either of the belief paradigms. Therefore, teaching mathematics can be viewed from an integral approach beyond the traditionalconstructivist separation as a methodological border-crossing (Giroux, 1992; Silver, 2003) .
This view focuses on the devolution of the disciplinary and interdisciplinary border of mathematics. The idea of border-crossing is a revelation of an integrated approach to teaching mathematics. The border-crossing is beyond traditionalconstructivist dualities of mathematics teaching, and it gears one's actions toward critical and postmodern 'deconstruction of current mathematics teaching' (Nkhwalume, 2013) . The postmodern view of teaching can transcend further with self-reflexivity (Cain, 2011) of a teacher on the relationship of content and pedagogy with self through an introspection, retrospection, prospection, and idiosyncratic construction of mathematical meaning (Belbase, 2013b) . This view decenters mathematics teaching with opportunities for planning students' active engagement and construction of mathematics (Goss, Powers, & Hauk, 2013) . In such cases, the teaching of mathematics may not have explicit boundaries to state whether it is traditional or constructivist (Smitherman, 2006) . Therefore, it is a contextual and provisional process requiring an adjustment in the classroom based on cultural-historical context (Roth & Lee, 2007) . Teachers may defy the ability groups and apply mixed groups so that integration of low performers and slow learners benefit from collaboration with high ability students in a variety of ways (Boyd & Ash, 2018) . Such teachers believe on the integration of social and cultural context while teaching mathematics (Purnomo et al., 2016) .
The discussion on mathematics teacher beliefs about mathematics teaching should highlight 'What constitutes teaching?' as an important question to consider for analysis of belief categories. From the viewpoint of the institutional transaction, it is a process by which teachers help students to learn mathematics in the schools. Then, a question arises-What are the elements of these institutional transactions taking place within the schools in which teachers are engaged in so-called action of teaching? Do their expressed views reflect their beliefs about mathematics teaching? Do their actions in the classroom or elsewhere in schools exhibit their beliefs about mathematics teaching? Are these expressions consistent with their beliefs? Are their actions consistent with their beliefs? Are their beliefs consistent with what they exhibit through expressions or actions? Teaching mathematics is a very dynamic complex process that is, metaphorically, like a wind that does not have a fixed direction, origin, and also uniform impact. The literature on teacher beliefs about teaching mathematics has not yet fully explored the subtle nature of beliefs system besides categorizing them with specific signposts as -instrumental, reform-oriented, integrated, etc. Although, there is plenty of literature on mathematics teacher beliefs about teaching mathematics, there is still scope of further studies to develop a deeper understanding of such beliefs with new categories.
Beliefs about Mathematics Learning
Mathematics teachers may have different beliefs about mathematics learning. Some researchers and scholars (e.g., Fisher, 1992 ) related beliefs about learning mathematics in terms of knowing mathematics contents and procedures. Learning of mathematics is related to mathematical cognition with mental operations. The cognitive process includes reception of information, assimilation of received information, adoption of the information in a context, adaptation of the knowledge into changed context, construction of meaning and interpretation of what has been learned, IJEME ISSN: 2549-4996 
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evaluation of the knowledge, and extension into other areas of problems. Skemp (1971) and Skemp (1978) proposed mathematics learning either as relational and instrumental function. Some teachers may believe instrumental learning which focuses on traditional approaches in the classroom with rote learning, drill-and-practice, memorization of rules, and repeated practice of problem-solving (Ernest, 1991) . The instrumental learning highlights the use of formal rules, symbols, procedures, and formulas without adaptation (Idris, 2006) . The teachers who believe relational learning may emphasize contextual learning by the construction of meaning and concepts by the students (Kim & Albert, 2015) . They may construct a scheme (mental structure), and they may use the scheme to transfer concepts across the contents (Skott, 2015) . The prior schema may form a network of new schemas with adaptation and transformation of knowledge (Idris, 2006) . Some teachers consider that learning mathematics is an active process of construction of meaning by students. Others consider that learning mathematics is guided by teacher motivation, direction and instruction (Wang & Hsieh, 2014) . The former view about the construction of meaning is known as active learning in which students design their approaches to solve mathematical problems. The latter view, a form of passive learning, assumes that "students learn mathematics through following explanations, rules, and procedures transmitted by the teachers" (Wang & Hsieh, 2014) . Therefore, there are conflicting views about learning mathematics--some of which are close to traditional and others are near constructivist or integral beliefs. Table 3 summarizes teacher beliefs about mathematics learning in terms of three categories--traditional, constructivist, and integral beliefs. Traditional Mathematics learning is memorizing rules, formulas, procedures, and facts; these rules, formulas, and facts are transmitted from the authority (i.e., a teacher) into the minds of students; and teaching mathematics is preaching, and learning is assimilating what is preached. Schwier & Misanchuk (1993) , Dengate & Lerman (1995) , Ernest (1995) , Dunn (2002 ), Perkkilä (2003 , Zakaria & Musiran (2010) . Constructivist Mathematics learning is a process of constructing meaning; mathematical concepts, procedures, and theories are constructed by students through the individual and social process; and learning mathematics is either intuitive or mediated through interaction; students connect their prior experience to new learning of mathematics. Steffe & Kieren (1994) , Dengate & Lerman (1995) , Ernest (1995) , Furinghetti & Morselli (2009 ), Lo & Anderson (2010 ), Purnomo, et al. (2016 .
Integral
Mathematics learning includes selfreflective and reflexive processes; problem-solving is integrated into other disciplines; learning of math contents takes place in a context; and learning mathematics involves integrating theory Steffe & Gale (1995) , Leatham (2002 ), Nagata (2004 , Roth (2007) , Ernest (2015) , Boyd & Ash (2018) . IJEME, Vol. 3, No. 1, March 2019, 1-26. 14 and practice in social-cultural-historical context; students learn through struggles and mistakes.
Traditional beliefs about mathematics learning Some mathematics teachers have traditional beliefs about learning mathematics. Their beliefs may support the exogenic philosophy and behaviorist theories of learning. Those who believe that knowledge should reflect the external reality consider that learning is reflecting the real world with reproduction of what has been learned from experience (senses) (Hermans, 2002) . According to this view, the teacher is the authority of mathematics knowledge who transmits facts, rules, and procedures into the minds of students (Dengate & Lerman, 1995) . Those teachers consider that learning is memorizing facts, rules, and formulas (Ernest, 1991) . Their metaphor of mind is a 'tabula rasa' (a blank slate), and the world is the absolute reality (Ernest, 1995) . However, the world may be the absolute Newtonian world (determinism), or it is a social and cultural world (human agency). Those mathematics teachers consider that learning is a passive reception of knowledge from the external authorities (e.g., teachers) without being sceptical of what students learn and how they learn. Many mathematics teachers, still today, embrace this type of belief. According to Zakaria & Musiran (2010) and Perkkilä (2003) , a majority of teachers (in their study) believed learning of mathematics as memorizing rules, procedures, and formulas. Such beliefs focus on mastering procedural skills (Ernest, 1989) . Therefore, still these days many mathematics teachers believe these models of passive reception, submissive and compliant learning.
Constructivist beliefs about mathematics learning
Some mathematics teachers believe that learning is the construction of meaning by the learners. Their beliefs about mathematics learning align with the endogenic philosophy and constructivist theories of learning. Their viewpoints about learning mathematics are inclusive in the sense of adopting and adapting to the culturalhistorical activities in day-to-day life (Dengate & Lerman, 1995; Roth & Lee, 2007; Steffe & Kieren, 1994) . They consider that the mind is an active site of constructing mathematical knowledge and the world of knowledge represents inner cognitive, intuitive, and the experiential world (Ernest, 1995) . Many mathematics teachers hold this belief about learning mathematics. Lo and Anderson (2010) stated that many preservice teachers believed learning mathematics by creating a challenging and supportive environment to build upon students' experiences. Mathematics learning can be either an individual or a social process of conceiving concepts, meanings, and procedures. Students construct their meaning of mathematical knowledge through selfreflection and critical thinking. They may work collaboratively to teach and learn from each other (Brodie, 2010) . According to this view, mathematics learning is an inductive process with cases, examples, and problems shifting the goal to the broad-spectrum of understanding the phenomena. Ernest (1989) argued constructivist learning as an active construction of meaning, exploration of mathematical ideas, and learner autonomy. It is a process of transitioning from simple to complex construction of mathematical concepts and ideas with meanings (Furinghetti & Morselli, 2009; Furinghetti & Morselli, 2011) . While doing this, students work on their problems and question themselves -is it right or wrong and collaboratively check each other's work without going to the teacher (Boyd & Ash, 2018) . Such teacher believes that students IJEME ISSN: 2549-4996 
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connect their prior experience to the new concepts of mathematics they learn in the classroom (Purnomo et al., 2016) .
Integral beliefs about mathematics learning Some mathematics teachers consider that the teachers can help all students learn mathematics by creating a learning environment for everyone who wishes to learn (Leatham, 2002) . The postmodern view of learning considers that learning is an active engagement in the reflexive thinking, reasoning and problem-solving. Such process encompasses retrospective, intuitive, prospective, and idiosyncratic thinking and reasoning about mathematical problems (Belbase, 2013a; Nagata, 2004) . Teachers' selfreflexive thinking and acting in the teaching process help students in problem-solving by integrating knowledge across the disciplines or the content areas in the same discipline. Learning mathematics is an integral process of accommodating a variety of cognitive, affective, social, cultural, and historical resources available. Therefore, such teachers may encourage students to learn from intricacies and contexts by enhancing their potential and developing them as self-learners (Steffe & Gale, 1995) considering themselves as agents of social and cultural transformation with a resilience (Taylor, Taylor, Karnovsky, & Taylor, 2017) . While doing this, students participate in collaborative learning by embracing "struggle and mistakes" (Boyd & Ash, 2018) . When the students struggle through the problems and resolve their mistakes, they not only try it again but also apply different methods or procedure to solve the problem either independently or with peer collaboration.
Learning mathematics is related to the ability to recall, define, explain, compare, apply, comprehend, conjecture, refute, conceptualize, synthesize, and construct mathematical objects in a context. There can make a list of many other action-verbs related to the learning of mathematics. However, teacher beliefs about mathematics learning in terms of traditional, constructivist, and integral beliefs may not integrate all of these aspects. Most of the literature on teacher beliefs about learning mathematics focused on conceptual and procedural aspects of problem-solving with manipulation, representation, construction, justification, simplification and extension of mathematical objects. Very few works of literature are concerned with teacher beliefs about learning mathematics in terms of neurophysiological, psychological, philosophical, social, political, institutional, and individual factors that constitute the meaning of learning mathematics. A plethora of literature on teacher beliefs about learning mathematics deal with action related belief constructs rather than metacognitive and reflexive thinking of students that have long term impacts on their ability to develop own mathematics and related concepts, models, and theories.
CONCLUSION
Mathematics teacher beliefs may have a significant implication in the quality of teaching and learning in the classroom. Teacher beliefs are the principal factors to influence instructional activities in the classroom and subsequent student learning (Skott, 2015) . Many researchers agree that teacher beliefs may affect their classroom practices and hence developing positive beliefs is essential for changing their teaching practice (Stipek, Givvin, Salmon, & MacGyvers, 2001) . Likewise, other scholars and researchers (e.g., Fives & Buehl, 2012; Schoenfeld, 1992) emphasized teacher beliefs about the subject matter, teaching and learning process, and students as significant determinants of the classroom process. Therefore, one of the goals of teacher development and education is associated with forming positive beliefs. This goal is possible to achieve with advanced mathematical content and pedagogical knowledge including social, cognitive, and affective components (Schoenfeld, 2010) . Therefore, mathematics teacher education should aim to form and change teacher beliefs for a change in practice (Richardson, 2003) . Mathematics education researchers (e.g., Peterson et al., 1989; Stipek et al., 2001; Thompson, 1992) emphasized forming and changing such beliefs for a change in teaching and learning of mathematics. Understanding of teachers existing beliefs helps teacher educators to plan and implement professional development activities that support reform-oriented teachinglearning practices with a flexibility to adopt new knowledge, skills and practices transforming their instructional beliefs (Spillane et al., 2017) .
In this context, mathematics teacher education can influence teachers' beliefs in a positive way for improved practice (Fenstermacher, 1979; Green, 1971) . Hence, one of the goals of current mathematics teacher education is to transform beliefs about teaching and learning (Fenstermacher, 1979) . Then, a question comes: How to change teacher beliefs? This question points to the methodological issues of how to form or change their beliefs and mechanism for change of beliefs. The process of forming positive beliefs about mathematics and teaching-learning mathematics is related to mechanisms for forming and changing their beliefs. These processes are linked with broader epistemic factors associated with teacher beliefs. The review of studies shows the possibility of different models for forming and changing teacher beliefs. These models can be helpful in the epistemic change in teacher education leading to a focus on shaping constructivist and integral beliefs (Alexander & Sinatra, 2007; Sinatra, 2005) . The process of forming or changing beliefs may affect one's epistemology and methodology as well (Chandler, Boyes, & Ball, 1990 ) by formulating and implementing new strategies (Schommer et al., 1992) . The process of shaping beliefs for reformoriented teaching and learning of mathematics is also related to conceptual change (Qian & Alvermann, 1995) , one's cognitive ability (Kardash & Howell, 2000) , moral reasoning (Bendixen, Schraw, & Dunkle, 1998) , and overall academic performance (Cano & Cardelle-Elawar, 2008) . Many teacher education programs focus on teacher beliefs as part of their interventions to impart positive beliefs for meaningful actions in the classroom (Part, 2009 ). The results of international studies (e.g., TIMSS and PISA) may provide us with a motivation to develop or reform mathematics teacher education to change or shape teacher beliefs for more meaningful practices in the classrooms (Part, 2009) . However, the literature on teacher beliefs about mathematics, teaching mathematics and learning mathematics focused largely on the content and object of beliefs and less on the context leaving a space for further research and development on this complex issue.
